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When a olletive outome triggers a rare individual event: a mode
of metastati proess in a ell population
Abstrat
A model of early metastati proess is based on the experimentally assessed role of
a protein, PAI-1, whih at high enough extraellular onentration promotes the transi-
tion of aner ells to a physiologial and morphologial state prone to migration. This
transition is desribed at the single ell level as a bi-stable swith generially assoiated
with a subritial bifuration. In a multilevel reation-diusion senario, the miroen-
vironment of the tumor is modied by the proliferating ell population so as to push
the onentration of PAI-1 above the bifuration threshold. The formulation in terms
of partial dierential equations fails to apture spatio-temporal heterogeneity. Cellular-
automata and agent-based simulations of ell populations support the hypothesis that
a randomly loalized aumulation of PAI-1 an arise and trigger the esape of a few
isolated ells. Away from the primary tumor, these ells experiene a reverse transition
bak to a proliferative state and ould generate a seondary tumor. The proposed role
of PAI-1 in ontrolling this metastati yle would partly explain its well-doumented
role in aner progression.
Running title: Multilevel metastati esape model
Keywords: ell population, metastasti esape, multilevel modeling, reation-diusion,
agent-based simulation, multi-stability.
Abbreviation. PAI-1: Plasminogen-Ativator-Inhibitor-1 (a protein, either intra-ellular
(subsript i), soluble in the extraellular spae (subsript s), or matrix-bound (subsript
m)).
1 Introdution
Due to lethal onsequenes of metastati spreading of aner, understanding and ontrolling
the proesses underlying the formation of metastases is a major hallenge, remaining largely
open. Several modes of metastati spreading (letting aside surgial dissemination) were
identied: (i) transport in lymphati irulation, (ii) transport in blood irulation, and (iii)
a mode involving a spei migration mehanism, the amoeboid migration (Friedl, 2004).
The present paper fouses on this latter mode. Taking plae at the ell sale, it appears less
pervasive than the rst two ones, where irulation-failitated transport spans the whole
organism. However it is less dependent on the anatomial features of the loation of the
tumor and is a andidate for the early events of the metastati spreading, before metastati
ells reah the lymphati or the blood irulation. It might well be an essential preliminary
step ommon to all metastati proesses.
A diulty omes from the fat that early events involved in the esape of a aner ell
from the primary tumor are rare events, too rare to be easily observed or experimented in
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varying onditions. Only a small fration of tumor ells provides the seeds for seondary
tumors. Aordingly, experimental protools are restrited to indiret investigations, mainly
geneti and biohemial analyses of metastati ells ompared to those of the primary tumor
(Witz, 2008), or statistial traking of the number, loation, and geneti lineage of seondary
tumors (Albini, 2008). An inreasing number of experiments fous on the biohemial anal-
ysis of the surrounding miroenvironment (Taylor et al., 2008), the morphologial signature
of potentially metastati ells (Vinan et al., 2007) and the reprodution in vitro of the
epithelial-mesenhymatous transition and the mesenhymatous-amoeboid transition whih
aet the morphology and the proliferative and migratory apaities (amoeboid migration)
of ells of epithelial origin (Malo et al., 2006). These omplementary experiments have
shown that the metastati proess involves jointly geneti determinants (aumulation of
spei mutations (Gerstung and Beerenwinkel in this issue)), biohemial fators (trig-
gering new pathways or swithing existing ones, leading to modiations in the ell state
and metabolism), and requirements about the state and geometry of the miroenvironment
that is, the extraellular spae and matrix of the tumor ells. However there is no inte-
grated understanding of this proess so far. The diulty omes from the dierent natures,
loations, and time sales of the potential ausal fators, and is strenghtened by the rarity of
metastati events. Modeling is then essential to artiulate the dierent partial and indiret
experimental results, and to validate their interpretation in an integrated senario, bridging
moleular, ellular, extraellular, and ell population levels.
From biologial fats about the mesenhymatous-amoeboid transition and amoeboid mi-
gration, we wish to explain how permissive onditions for the mestastati esape of a few
aner ells might be olletively indued at the ell population level. Our laim is that
proliferation-indued modiations of the tumor miroenvironment ould produe a feed-
bak loalized in a few privileged individual ells, seleted by a omplex onjuntion of
stohasti and history-dependent moleular events. Our working hypothesis, supported by
experimental results (Malo et al., 2006), is the entral role of the protein, PAI-1, synthe-
sized at high rate by the aner ells and released in their immediate environment. We
shall desribe how this moleule ould mediate an interplay between intra-ellular, extra-
ellular, and ell population features, swithing a few ells into a state prone to esape and
migration, then swithing them bak into a proliferative state at a distane of the primary
tumor (this is the proess of metastasis). This senario is rooted in a generi desription of
the single ell state in bifuration theory, supported by in vitro experiments. Its spatially
extended formulation at the ell population level is ahieved in a reation-diusion model,
implemented either in the standard framework of partial dierential equations or in the one
of ellular automata and agent-based simulations. The preditions of our study motivated
and guided new experiments proving the existene of the reverse hange from the amoeboid
to the mesenhymatous state and baking up the dynami nature of this transition. Finally,
we resort to atastrophe theory to suggest a possible path towards the aner stage where
amoeboid state and migration an be observed.
2 Biologial Setting
Considering epithelial ells, a rst transition towards a anerous state is observed, origi-
nating in aumulating mtuations and leading to the so-alled mesenhymatous state (see
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Figure 1: Epithelial aner ells (olon aner). (left) Mesenhymatous state responsible for
the destabilization of epithelium and prone to proliferation. (right) Amoeboid state hara-
terized by a blebbing morphology and by modied adhesion leading to a speial migratory
ability. The mesenhymatous-amoeboid transition (as experiened by the rightmost ell in
the left hand side piture) is likely to play a key role in early metastati esape.
Figure 1left). In this state, ell-ell juntions are no longer established and the epithelium
is destabilized. This state has moreover a strong proliferative apaity, hene the transition
to this mesenhymatous state is generally assoiated with the appearane of a well-dened
tumor (Thiery, 2002). In invasive epithelial tumors, it is the default state of the ells (Gavert
and Ben-Ze'ev, 2008) and it will be the default state of the ell population in our model.
A seond transition may our towards the so-alled amoeboid state (see Figure 1right)
identied by a spei and persistent blebbing morphology (round shape with dynami
atin rings visible at the ell periphery). This mesenhymatous-amoeboid transition is as-
soiated with a hange in adhesion properties (more preisely, adhesion beomes integrin-
independent, the atin ytoskeleton reorganizes and a modiation of one of its regulatory
pathways, RhoA-pathway, ours: it now involves an auxiliary protein, ROCK, while there
is no longer proteolysis of the extraellular matrix (Friedl, 2004; MCarthy, 2009). Due to
its peuliar features, a blebbing ell an move fast and progress by exploiting intersties of
the substrate with no need of matrix proteolysis. Aordingly, amoeboid migration is a very
eient mode of migration in a tissue, enountered in normal onditions during some devel-
opmental stages (Thiery, 2002); in a pathologial ontext, it was suggested as a privileged
mode of metastati migration (Friedl and Wolf, 2003; Berx et al., 2007).
In the mesenhymatous state, migration is quite ineient while proliferation is very
ative. Proliferation is mostly ontrolled by ell density for obvious steri reasons. In the
amoeboid state, ell migration is very eient. Roughly, proliferation ours at high rate in
the mesenhymatous state whereas migration ours more eiently in the amoeboid state, in
agreement with the urrent wisdom that proliferation and migration are mutually exlusive
proesses in a given ell.
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Figure 2: In vitro observation of the eet of the onentration of substrate-bound PAI-1 on
ell morphology and the mesenhymatous-amoeboid transition. The proportion of blebbing
MDA-MB-231 breast aner ells is measured at xed PAI-1 onentration (values 5, 10, 20,
40 µg/m2); ∗ p < 0, 05 ; ∗ ∗ p < 0, 01 ; ∗ ∗ ∗ p < 0, 001.
Reent observations in vivo hint at a key player in amoeboid migration, metastases, and
more generally aner progression: the plasminogen-ativator-inhibitor protein of type 1,
heneforth termed by its aronym PAI-1. It is an ubiquitous speies involved in several
pathways and funtions, among whih some aspets are relevant for metastati proess. It
is found in the surroundings of the most invasive tumors (Pedersen, 2005; Wilkins-Port
and Higgins, 2007; Wilkins-Port et al., 2007) and onsidered as a marker of bad prognosis
(Jänike e al., 2001; Look et al., 2002; Castello et al., 2007; Biermann et al., 2008). PAI-1 is
enountered under several forms: the newly synthesized moleule in the ell (internal PAI-
1), as a soluble form in the extraellular medium (soluble PAI-1). This latter form an either
diuse in the extraellular medium, or bind to the extraellular matrix (matrix-bound PAI-
1), or be trapped on the ell surfae and deativated, or be internalized and degraded with
no further known onsequene on the state of the ell. On the ontrary, internalization of
matrix-bound PAI-1 ours through the formation of a tripartite omplex with a membrane
reeptor, uPAR, and a moleule, uPA. Its role in modifying the ell physiology (speially,
in modifying the ativity of RhoA pathway) is aknowledged (Chazaud et al., 2000). Strik-
ingly, when aner ells are plaed on artiial substrates with high onentration cm > c
∗
m
of matrix-bound PAI-1, they experiene the above-mentioned mesenhymatous-amoeboid
transition (Malo et al., 2006). In this respet, matrix-bound PAI-1 an promote aner ell
migration, at least in vitro (Friedl and Wolf, 2003). Moreover, these experimental results,
presented on Figure 2, indiate that the mesenhymatous-amoeboid transition is not due to
some mutations but is rather a dynami transition between two dierent states of the ell,
ontrolled by its environment.
Caner ells synthesize more PAI-1 than normal ells do; PAI-1 moleules are then se-
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reted in the extraellular medium and an bind to the extraellular matrix at tumor bound-
ary regions, where the matrix is not fully oupied by ells. Hene, onentration of the
matrix-bound PAI-1 in the border region of the tumor is expeted to be higher than around
normal ells. This was observed experimentally (Look et al., 2002; Chazaud et al., 2002).
Caner ells also produe more uPA and have an inreased number of uPA membrane reep-
tors uPAR, diretly involved in the internalization of matrix-bound PAI-1. The net result
is an inreased internalization ux Ji in aner ells, hene an ampliation of the ensuing
ell metaboli and morphologial hanges ompared to normal ells.
From these experimental fats, we shall start from the fat that given aner ell, with
regards to its metastati potentialities, an be in two dierent states, the mesenhyma-
tous and the amoeboid one. We adopt the leading pattern aording to whih the abrupt
mesenhymatous-amoeboid transition of a ell is ontrolled by its internalization ux of
matrix-bound PAI-1. The oupled dynamis of several ells and extraellular medium have
then to be onsidered. Indeed, proliferation in mesenhymatous state turns a single ell
into an aggregate olletively ontributing to the onentration of matrix-bound PAI-1. We
shall therefore embed the dynamis of a single ell in a spatially extended population model,
fousing on the spatio-temporal varying internalization ux of the matrix-bound PAI-1,
onsidered as a marker of the metastati potentialities of the ells.
3 Model
3.1 Challenges
Let us rst avoid a possible misunderstanding: what we term a model is a way to hek
the onsisteny of several experimental fats and partial mehanisms (possibly ouring
at dierent levels), to put forward ontrol parameters, thresholds, swith behaviors and
quantitative hints on the major determinants of the fate of the system. It should allow us
to derive testable onsequenes of the hypotheses and suggest novel protools. A model is
a neessary intermediary step between qualitative understanding and further experimental
evidene and an be seen as a way of hypothesis testing. .
The guideline of our investigations is the multilevel and intriate mehanisms by whih
PAI-1 ould play a role in the fate of aner ells and in the metastati proess. As shown
in Setion 2, these mehanisms have funtional onsequenes at four dierent levels:
• at the moleular (intra-ellular) level: internalization of matrix-bound PAI-1. The
internalization of soluble PAI-1 has no intra-ellular onsequenes and amounts to a
mere degradation;
• at the ellular level: mesenhymatous-amoeboid transition. The experimental fat
that the onentration cm of matrix-bound PAI-1 is a major determinant of the
mesenhymatous-amoeboid transition (Figure 2) will be formulated in the framework
of bifuration theory at the single ell level, with a ontrol parameter related to cm. The
moleular analysis of intra-ellular pathways and morphologial transformations shows
that a more straightforward determinant of the mesenhymatous-amoeboid transition
is the internalization ux Ji of the ell. Our hypothesis is that intra-ellular dynamis
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determining the overall ell state shows a bifuration revealed by a swith between




• at the ell population level: the mutualized seretion of PAI-1, feeding extraellular
PAI-1 speies. Cell growth and division are onsidered at this level;
• at the miroenvironment level: soluble PAI-1 diusion in the extraellular medium and
binding on the ell-free matrix, thus turning into matrix-bound PAI-1.
The point is to explain how the interplay between the various forms of PAI-1 and the vari-
ous levels at whih they are produed, ontrolled, or used, an trigger the mesenhymatous-
amoeboid transition and more generally an explain the metastati proess. Complementary
modeling approahes are essentially needed to apture the multilevel determinants and meh-
anisms at work. In order to bring out a robust explanatory senario, we devise the most
parsimonious model. Suh models often need olletive variables and eetive parameters,
aounting in a bottom-up and already integrated way of a wealth of elementary mehanisms
(here, the use of average densities and pseudo-rst order kinetis, see below). In omplex
systems, they also involve eetive inputs or boundary onditions, aounting in a top-down
way of the inuene of the system emergent features or strutures and surroundings on ele-
mentary parts and mehanisms (Lesne, 2008b). The main quality of a parsimonious model
is the robustness of its preditions with respet to small hanges in the mirosopi ingre-
dients, beause they will only slightly aet the value of the eetive parameters without
modifying the general form of the model (Lesne, 2008a). For instane, a bifuration (here
the mesenhymatous-amoeboid transition) will still be observed with possibly only a shift of
the bifuration loation. The onfrontation with experimental observations would validate
the leading priniples and senario. It is then another part of the work, involving in general
dierent data and omputational tools, to substantiate the minimal model with underlying
mehanisms and expliit ingredients in order to derive the exat numerial values of the
eetive parameters, interations and reations. The use of a minimal model is here all the
more essential that no experimental aess to the values of e.g. kineti parameters is today
possible, nor a diret experimental investigation of the metastati proess.
3.2 Reation-Diusion Model
We rst onsider a desription (termed mean-eld-like desription in statistial physis for
interating many-body systems) in whih soluble PAI-1, internal PAI-1, and matrix-bound
PAI-1 speies are desribed by means of smooth deterministi onentrations. The ell pop-
ulation is desribed by a smooth deterministi ell density. The experimental observations
are formalized in terms of hemial kinetis, diusion, and growth, but the disrete nature
of ells and moleules, and the stohastiity of the elementary proesses are no part of the
mean-eld desription. The set of essential variables inludes the onentrations cm(~r, t) of
matrix-bound PAI-1, cs(~r, t) of soluble PAI-1, and ci(~r, t) of internal PAI-1 at time t and
loation ~r, and a smooth variable σ(~r, t) aounting for the presene of ells at the on-
sidered position ~r. Aording to the standard ontinuous-medium approximation (Landau
and Lifshitz, 1959), the element d~r has to be large enough to ontain a large number of
moleules, so that onentrations are smooth and deterministi, but not too large so as to
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remain innitesimal at the sale of the system. The evolution of the onentrations is then
ruled by hemial kineti equations (mass ation law) and diusion equation (Fik law). In a
similar spirit, the variable σ is an homogenized version of the Boolean funtion σ0(~r, t) with
σ0(~r, t) = 1 if a ell is present in ~r at time t and 0 otherwise. There is need neither to ount
ells nor to are muh for the boundaries of the ell population in a disrete setting, and the
resulting ell density σ(~r, t) is a ontinuous eld with 0 ≤ σ ≤ 1. In partiular, ell growth
and ell division an be treated similarly, both produing a spreading of the support and a
loal inrease of the eld σ(~r, t). This desription is mean-eld-like insofar as orrelations
between the utuating numbers of moleules and ells at various loations and times are
negleted and only their loal averages are onsidered (Lesne, 2007). The overall dynamis
is desribed in a spatially extended kineti model, as illustrated on Figure 3, aounting for:
• ell division and growth, ontinuously enlarging the region oupied by ells (the region
where σ > 0). This expansion of the ell population is measured by a rate kg and a
unimodal kernel Γ(.) of nite range: ell growth and division indue a ontinuous
spreading of the ontinuous regions with short-range inrements weighted with Γ. As
mentioned, there is no need to onsider separate ontributions for growth and division.
This kernel is isotropi (Γ(~r) depends only on r), time-independent, normalized by
setting its integral over the whole spae equal to 1. Its width orresponds typially to
the ell radius;
• a soure term desribing the synthesis of PAI-1 inside the ell. It desribes the net
result of the protein synthesis following gene expression, its degradation right after for-
mation, and possibly a negative self-regulatory eet on the expression of PAI-1 gene;
this is aounted for by an eetive term f(ci) suh that f(0) > 0 and monotonously
dereasing to 0 as the onentration ci of internal PAI-1 inreases. Presribing a more
detailed form for f is not possible given the limited biologial knowledge and it would
give an illusory preision; we thus limit ourselves to well-assessed general features of
f , that will appear to be suient for deriving qualitative and robust onlusions.
• the release of soluble PAI-1 when ells are present, feeding on their ontent in internal
PAI-1. It is desribed by a pseudo-rst-order kinetis, aounting only for the speies of
interest and the simple proportionality of the sereted amount with respet to ci. The
inuene of possible additional fators and speies other than PAI-1 (whose expliit
desription would obsure the dominant senario that we want to explore) is impliitly
taken into aount in the eetive rate ks:
• soluble PAI-1 then diuses with a diusion oeient D. The fat that it diuses
only in the extraellular medium is aounted for by using a spae-dependent diusion
oeient (1− σ(~r, t))D whih vanishes at maximal ell density σ = 1;
• the xation of soluble PAI-1 on the matrix when no ell is present, produing matrix-
bound PAI-1 with a rate (1−σ(~r, t))km whih vanishes at maximal ell density σ = 1;
• the deativation of soluble PAI-1 or its internalization; this proess is muh dierent
from the internalization of matrix-bound PAI-1 with regards to ell physiology: it has
no signaling role and does not trigger any pathway, having nally no onsequene on the
overall state of the ell; hene it should not be taken into aount in the internalization
8































Figure 3: Fluxes and transformations of the three PAI-1 forms onsidered in the model,
introduing the notations ks, km and ki for the kineti rates used throughout the paper.
ux Ji introdued as a ontrol parameter of the mesenhymatous-amoeboid transition.
Both deativation and internalization merely amount to a degradation of soluble PAI-1
and are jointly aounted for by a rst order kineti −σkdcs. They orrespond to the
only possible fate for soluble PAI-1 at maximal ell density, when σ = 1 and diusion
or matrix-binding are no longer a possible option.
• the internalization of matrix-bound PAI-1 with a rate ki when a ell is present. This
proess generates the internalization ux Ji per ell, related aording to an eetive
single-order kinetis Ji = kicm. As in rst-order kineti terms introdued above, the
rate ki is an eetive parameter possibly depending on fators not expliitly desribed
in this basi model; only matters here the proportionality between the onentration
cm and the ux J . This ux triggers mesenhymatous-amoeboid transition when
it exeeds a threshold J∗i . Internalized PAI-1 moleules are degraded after having
inuened internal pathways ontrolling the transition of the ell state.
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In terms of regular deterministi elds, these dierent proesses, individually well-established
experimentally, together lead to the system:


∂σ/∂t = kg H(1− σ)
∫
R3
σ(~r′)Γ(~r′ − ~r)d~r′ (1)
∂ci/∂t = σf(ci)− ksσci (2)
∂cs/∂t = (1− σ)D∆cs + ksσci − km(1− σ)cs − kdσcs (3)
∂cm/∂t = km(1− σ)cs − kiσcm (4)
Ji = kicm for σ > 0 (5)
where H(.) is the Heaviside step funtion suh that H(z) = 1 if z > 0, and H(z) = 0
otherwise. Due to intra-ellular synthesis and degradation of PAI-1, there is no onservation
of the total amount of PAI-1 in the system and Eq. (2) to (4) desribe more than a mere
interhange between three dierent forms of the same moleular speies.
Here arise a major problem for modeling: the diulty, if not total impossibility of
getting any insight about the atual values of the kineti rates; this would require single-ell
measurements out of reah with the sensitivity of the tehnologies of today. For this reason,
we adopt a semi-quantitative viewpoint aiming at providing robust proof-of-priniples of the
dominant mehanisms, despite this lak of quantitative biologial data.
Qualitative insights about the dynami behavior aptured by the above oupled partial
dierential equations an be gained from a mere inspetion of their form and terms. Eq.(2)
and features of the funtion ci → f(ci) show that ∂ci/∂t is stritly positive for ci lose to
0 and dereases monotonously as ci inreases, reahing negative values ∂ci/∂t < 0 for ci
large enough; hene we expet to observe a stationary value c¯i where ells are persistently
present (σ > 0). This c¯i is determined as the unique solution of f(c¯i) = ksc¯i. In Eq. (3), the
degradation term ensures that cs remains bounded. In regions where σ < 1, the diusion
term desribes how the soluble PAI-1 produed by the tumor ells diuses in the extrael-
lular spae toward the tumor boundary and beyond, in the outer shell, where it binds the
extraellular matrix and inreases the onentration of matrix-bound PAI-1, while cs tends
to 0 far away from the tumor in the regions not reahed yet by the diusion. Eq. (4) shows
that ∂cm/∂t < 0 in regions where ells are dense (σ lose to 1) while ∂cm/∂t > 0 at the
tumor outer boundary, that is, in a region almost devoid of ells (σ lose to 0) but not too
far from the ells produing PAI-1, so that cs > 0. We expet that cm = 0 in the tumor
bulk while reahing its maximum value in the tumor outer shell, before dereasing to 0 far
away from the tumor: matrix-bound PAI-1 is mainly loated in the tumor boundary regions
where both σ and 1 − σ are non zero. An obvious steri argument (ore tumor ells an
neither esape nor even move) reinfores the laim that only tumor boundary regions are
involved in the metastati esape proess.
Ji given by Eq. (5) is dened as an internalization ux per ell. As the mesenhymatous-
amoeboid transition ours at the ell level, its relevant ontrol parameter should orrespond
to a ell as a whole, notwithstanding its spatial extent. The biologial relevant question is to
determine whether this ux Ji ould overwhelm the transition threshold in some ells, that






m. Suh an ourrene requires the onjuntion of soluble PAI-1
prodution by tumor ells, diusion of soluble PAI-1 in the vaant extraellular spae, bind-
ing of a large amount of soluble PAI-1 at a given empty loation of the extraellular matrix,
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and growth or division of a ell to over this loation, internalize the underlying matrix-
bound PAI-1 and experiene the mesenhymatous-amoeboid transition. This sequene of
events should follow a oordinated time ordering, namely soluble PAI-1 binds the matrix
and cm reahes a high level before a ell invades the orresponding loation. This heuristi
analysis shows the importane of the preise spatio-temporal geometry of the tumor, the
history of its growth and the relative timing of the various events ourring at its boundary.
Aordingly, onsisteny and relevane of the approximations leading to Eq. (1-5) must be
reevaluated. Suh a feedbak of the preditions of the model onto its very design provides
internal quality assessment (another assessment of quality relies on experimental data).
In this deterministi setting, the most rigorous way of aounting for the onstraint
that soluble PAI-1 diuses only in the extraellular medium would be to impose boundary
onditions on the bare diusion equation (that is, involving a bare diusion term D∆cs)
delineating the spae available for diusion. However, ell division is a random event at the
ellular level of desription so that the preise tumor boundary geometry is itself random
and highly irregular. A preise aount of the boundary onditions would require a full
desription of the random growth of the tumor and history of the ell population, hene
the extension to a stohasti setting. On the ontrary, Eq. (1-5) provide an homogeneous
desription whih involve an average version σ of the atual Boolean funtion indiating
preisely where ells are present, and aounts for the geometrial onstraints through an
eetive diusion oeient (1−σ)D. A aw of this average desription is to ignore inhomo-
geneities whereas they are likely to play a entral role, being reinfored by the heterogeneous
growth dynamis and the geometry-dependent interplay between intra-ellular and extra-
ellular proesses. This would prevent the solution for cm to reah very loally the very
high level required to exeed the mesenhymatous-amoeboid transition threshold. A rough
estimate from Eq. (2-4) in the outer shell where σ ≈ 1− σ ≈ 1/2 yields the stationary and
spatially uniform onentrations ci ≈ c¯i, cs ≈ c¯s = ksc¯i/(km + kd) and cm ≈ c¯m = kmc¯s/ki:
cm would either always or never exeed the threshold c
∗
m of the mesenhymatous-amoeboid
transition, depending on the values of the kineti rates in Eq. (1-5) . Either all ells or
none would display the mesenhymatous-amoeboid transition and esape. That does not
orrespond to the metastati esape where only a very few ells emerging spontaneously
manage to esape.
Moreover, as the basi mehanisms involve only few ells, statistial utuations of the
total number of ells are likely to play a key role. In partiular, the invasion by a new ell
of an extraellular matrix site overred by PAI-1 is mainly a random event, whereas we
onsider here that it is fully ontrolled by an homogeneous and deterministi spreading of
a smooth eld σ(~r, t). Even the desription of moleular diusion and transformations in
terms of deterministi onentrations is questionable and lead us to investigate the role of
the utuations of the total number of moleules, and the stohastiity of their motion and
interations.
Hene partial dierential equations model are ill-suited to take into aount the geometry
of the tumor boundary, in the rst plae the heterogeneous aumulation of the matrix-
bound PAI-1. Although this model provides a onise and tratable desription to identify
elementary mehanisms involved in the metastati proess, its resolution does not yield a
relevant piture of the resulting biologial proess. If an expliit desription of the oupied
region were preferred to the homogenized desription by the eld σ, uring the singularities
introdued by the sharp distintion between ells and extraellular medium would require
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a reourse to regularizing kernels. Moreover, onsisteny in the level of details requires
an expliit stohasti model for ell growth and division. These two renements would
introdue a large number of arbitrary parameters, to the detriment of the robustness of the
model, its signiane, and its disriminating power. For this reason, we rather turn to a
numerial modeling using omplementary ellular-automata and agent-based simulations,
both aounting for the full random history of tumor growth and tumor boundary loation,
better suited to aount for the interplay between the evolving geometry of the tumor
boundary and the aumulation of matrix-bound PAI-1 with its related stohasti aspets.
3.3 Cellular-Automata and Agent-Based Simulations
In order to irumvent the aforementioned inadequaies of the partial dierential equations
model, we implemented two omplementary numerial approahes: ellular-automata and
agent-based simulations.
The ellular-automata simulation implements the same mehanisms as partial dieren-
tial equations, see Figure 3, but expliitly aounts for the ell disreteness and stohas-
tiity of ell division. Its main goal is to provide a proof-of-priniple that stohastiity
in ell division and tumor growth are suient to produe heterogeneous aumulation of
matrix-bound PAI-1 at the tumor boundary. The agent-based simulation provides a phe-
nomenologial desription aounting for stohastiity not only in ell division but also in
the diusion and transformations of PAI-1 moleules; it also inludes vitronetine (a mole-
ular speies) and omprises more ell states. This makes the agent-based model loser to
the biologial reality but ould obsure its interpretation; we rather use it as a omplement
of the ellular-automata simulation in order to hek that its onlusions are not aeted
when supplementing the sheme of Figure 3 with auxiliary speies, reations and ellular
proesses.
Both simulations predit a heterogeneous aumulation of matrix-bound PAI-1, yielding
supra-threshold onentration peaks, leading in turn to high internalization uxes of PAI-1 in
novel ells reahing these very spei loations; in the ensuing step (not inluded in the sim-
ulations) these few ells would experiene the amesenhymatous-amoeboid transition and be
plausible andidates for the metastati esape. We shall rst desribe the ellular-automata
simulation then disuss the additional insights provided by the agent-based simulation.
3.3.1 Cellular Automata
The ellular automata simulation aounts for stohastiity of ell division and spatial on-
straints on tumor growth: the tumor boundary will now evolve in a random and history-
dependent way. The simulation aims at investigating the possible heterogeneous features
in the distribution of matrix-bound PAI-1, in partiular whether cm ould loally reah the
transition threshold c∗m. The simulation takes plae on a 2-dimensional grid, where the
spatial extent of eah aner ell orresponds to a unit grid ell (to avoid onfusion between
numerial ells of the simulation grid and biologial ells of the tumor, we use the term grid
ell for the former and simply ells for the former). The onentrations ci, cs, and cm are
dened on the disrete spae-time {(~r, t) ∈ IN2× IN} and take any real positive value; σ(~r, t)
is similarly dened on IN2 × IN but takes only values 0 or 1 aording to whether a ell is
absent or present in ~r at time t. The simulation is synhronous, the state of eah grid ell
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is updated at a step of the simulation. The growth of the tumor and the oupled variation
of the dierent forms of PAI-1 (internal, soluble, and matrix-bound) are implemented a-
ording to the same kineti sheme as in Figure 3. Based on the qualitative analysis of this
sheme, an additional simpliation was made, onsidering that all tumor ells release the
same amount of soluble PAI-1; with the notations of the previous subsetion, this amounts
to onsider that ci attains its stationary value c¯i fast enough and ci = c¯i in all ells; a-
ordingly, ks is replaed by an eetive oeient ks,eff (with the relationship ks,eff = ksc¯i
to the previous model). As we have no experimentally supported expression of the funtion
f(ci) (an intriate biohemial analysis would be neessary), the simpliation ci = c¯i =
onstant strengthens the robustness of the simulation: the inuene of f appears in the
value of ks,eff . Keeping an equation for ci with an unreliable term f(ci) would be illusory.
Omitting the argument (~r, t) in all right hand side quantities ci, cs, cm, ∆cs and σ, a basi
step of simulation writes expliitly:
cm(~r, t + 1) = cm + km(1− σ)cs − kiσcm (6)
cs(~r, t + 1) = D(1− σ)∆cs + ks,effσ + cs (1− km(1− σ)− kdσ) (7)
Denoting ~r = (x, y), the standard disretization of the Laplaian involved in desribing the
diusion of soluble PAI-1 is:
∆cs(x, y, t) = (1/4) (cs(x+ 1, y, t) + cs(x− 1, y, t) + cs(x, y + 1, t) + cs(x, y − 1, t))−cs(x, y, t)
(8)
This implementation orresponds to a spae-time disretization of the partial dierential
equations exept what onerns the growth of the tumor, now desribed as a stohasti
proess involving disrete ells: at eah time step, one ell is reated at the periphery of the
tumor and its loation is hosen at random among the empty sites around the tumor. At the
beginning of the simulation, cm = 0 and cs = 0 for eah grid ell, and one ell is loated at
the enter of the grid. We onsider the internalization ux Ji as the ontrol parameter of the
mesenhymatous-amoeboid transition, namely the transition ours in a given ell when its
ux Ji overwhelms a threshold J
∗
i . This overshoot is ontrolled diretly by the onentration
of matrix-bound PAI-1 at the loation of the ell, established before a ell is reated at this
loation. In the ourse of the simulation, we reord the spatio-temporal variation of the
internalization ux and the various onentrations. We expet a realisti metastati eet
if the mean-eld internalization ux J¯i ≈ kic¯m is below J
∗
i . The meaning is that, on
average, the bifuration threshold is not reahed, otherwise most ells would experiene
the transition, at odds with experimental observations. In this ase, only a non trivial
loalization ould allow a few ells to enounter high enough levels of matrix-bound PAI-
1. The resulting internalization would be enough to display a mesenhymatous-amoeboid
transition. Figure 4 shows the onentration of matrix-bound PAI after a typial trajetory
of 500 simulated steps on a 40 × 40 ell grid. In agreement with our qualitative analysis,
matrix-bound PAI-1 is mainly loated at the tumor outer boundary. Moreover, several peaks
appear at the periphery of the tumor; their loations vary from one simulation to another,
and their heights are highly variable form plae to plae, with a standard deviation of the
order of their mean value. In agreement with our senario, peaks are observed to orrelate
with gulfs on the tumor boundary. These gulfs favor the loalized aumulation on a single
site of PAI-1 produed by several neighboring ells.
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Figure 4: Conentration of matrix-bound PAI-1 (vertial axis) after 500 steps of simulation,
starting from a null onentration in the whole unit square (x ∈ [0, 1], y ∈ [0, 1]) and one
tumor ell at the enter, with kd = 0, ki = 0.1 and (left) ks = 1, km = 1 or (right) ks = 0.5,
km = 0.25. The insets desribe the orresponding shape of the tumor. In a wide range of
values of km and ks, matrix-bound PAI-1 displays a heterogeneous distribution, loalized at
the tumor boundary whose peaks orrelate with the gulfs in the geometry of the boundary.
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Figure 5: Sensitivity analysis of the ellular-automata simulation results. (left) mean and
(right) standard deviation of the spatial distribution of matrix-bound PAI-1, with respet
to kineti rates km (horizontal axis) and ks (vertial axis). Inreasing ki would only inrease
the internalization rate and derease matrix-bound PAI-1 onentration wherever ells are
present; altogether, this would loalize peaks of onentration in the outer boundary of
the tumor, without hanging signiantly their average height and standard deviation (see
Figure 6).
The simulation shows that the interplay of transformation and degradation kinetis of
PAI-1, the moleular diusion of soluble PAI-1 olletively sereted by the tumor boundary
ells in the extraellular medium, and the randomly hanging geometry of the tumor an
indue a loalized aumulation of matrix-bound PAI-1 at a few plaes strongly dependent on
the random growth history. Correlatively, it produes peaks in the ux Ji of internalization
1 by the ells of the matrix-bound PAI-1. The seretion of PAI-1 by the set of tumor ells is a
olletive eet. It allows the internalization ux Ji of a few single ells to reah values whih
would never be reahed if the ells were funtioning in isolation. Spontaneously, some ells
might benet from the PAI-1 seretion of the other ones. In partiular, Ji might now loally
reah large enough values Ji > J
∗
i to trigger the mesenhymatous-amoeboid transition of a
few single ells and allow their amoeboid move away from the tumor. Due to the inherent
stohastiity of tumor growth and boundary loation, self-onsistently oupled with PAI-1
reations, this overshoot Ji > J
∗
i is basially a random event, ourring at history-dependent
moments and loations.
Altogether, this numerial implementation supports the laim that only tumor boundary
regions are involved in metastati esape. It highlights an emergent situation leading to the
spontaneous heterogeneous aumulation of matrix-bound PAI-1 at the tumor boundary,
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whih in turn promotes the amoeboid-mesenhymatous transition and the metastati esape
of a few single ells, seleted in a random and history-dependent way. This mehanism
aounts for both the possibility and the rarity of mesenhymatous-amoeboid transition
events, and it relies on very few ingredients.
3.3.2 Agent-Based Simulation
A ellular-automata model, although introduing ell disreteness and some stohastiity in
partial dierential equations, might a priori lak realism and suer from over-simpliation.
A strutural stability analysis helps delineate the validity of the model. Inferring possible
additional ontributions quantitatively and investigate their importane are diult experi-
mentally beause of the rarity of the phenomenon. We rather hallenge the hypotheses and
simpliations underpinning the ellular-automata simulation, for instane a minimal num-
ber of speies, eetive kinetis and drastially simplied ellular proesses, by onsidering
a biologially more detailed agent-based model.
Three kinds of entities are now onsidered: tumor ells, PAI-1 moleules in their three
dierent forms, and additional vitronetine moleules bound to the extraellular matrix
and promoting soluble PAI-1 matrix binding upon enounter. Moreover, ells are modeled
as autonomous entities evolving in a ontinuous spae and endowed with more realisti
behaviors: by ontrast to the ellular-automata simulation, ell modeling is now dissoiated
from the topology of underlying spae. Cells an be in one of the following states:
• Ative: an ative ell may proliferate, internalize PAI-1, and release soluble PAI-1;
ells are reated in this ative state.
• Quiesent: ells beome quiesent if they lak basi nutrients and proliferation is
paused; however, they ontinue to release and internalize PAI-1 moleules.
• Neroti: if environmental onditions are even harsher, ells beome neroti and die.
PAI-1 moleules are modeled by aounting for disreteness and stohastiity of moleu-
lar events and diusion, thus no longer relying on the mean-eld desription in terms of
smooth deterministi onentration elds onsidered in both partial dierential equations
and ellular-automata. Moleules of vitronetine are desribed on average, in terms of a lo-
al onentration of moleules in eah ell of a regular grid. Moleules of PAI-1 are modeled
as autonomous agents produed and released by ells. These moleules an be in one of
the aforementioned states: internal, soluble (either ative or inativated) or matrix-bound
(when entering a ell-free region with a suient onentration of vitronetine so that it
enounters a vitronetine moleule almost surely and binds to it); in the soluble state, they
diuse aording to a random walk into the extraellular medium. Moleules of vitronetine
have neither ative behavior nor diusive motion (for this reason are not modeled individu-
ally) but their onentration in a given grid ell is updated eah time a PAI-1 moleule gets
bound to the matrix in this grid ell.
Starting from a single ative mesenhymatous ell, an homogeneous distribution of vit-
ronetine, and no moleules of matrix-bound PAI-1, the agent-based simulation evolves
toward a nal state in whih the initial ell has generated a full-grown tumor, surrounded
by an irregular aumulation of moleules of matrix-bound PAI-1. This observation in-silio
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Figure 6: Comparison of the (left) agent based and (right) ellular-automata simulation
results. Both simulations support the spontaneous heterogeneous aumulation of matrix-
bound PAI-1 at the tumor boundary. In the agent-based simulation, tumor growth results
from several physiologial reations whereas it follows from a random hoie of a dividing ell
in the ellular-automata simulation. Here this hoie is onstrained by enforing the nal
shape in order to obtain a tumor geometry omparable to that obtained in the agent-based
simulation. The dierene with Figure 4, in whih the simulation follows a plain random
growth as desribed in  3.3.1, shows that both tumor growth history and geometry matter.
holds true for a wide range of kinetis and parameter settings, a fat whih testies for
the robustness of the modeling. It may also indiate a robustness of the phenomenon itself
with respet to hange in the surrounding onditions or in any metaboli or signaling fator
inuening the parameters. Our numerial results suggest that:
• the amount of matrix-bound PAI-1 in a given loation on the tumor border varies
greatly in time; this is beause of an alternation of phases during whih PAI-1 a-
umulates by binding to a ell-free extraellular matrix (through forming a omplex
with vitronetine) and phases during whih, beause of tumor growth, one or more
ells ome in ontat and internalize matrix-bound PAI-1; vitronetine moleules do
not appear here as a limiting fator, that justies a posteriori their omission in the
two models with partial dierential equations and ellular automata;
• the amount of matrix-bound PAI-1 varies greatly from one point to another along the
tumor border ; this is beause the tumor growth is not spatially homogeneous and does
not our simultaneously all around the tumor;
• the amount of matrix-bound PAI-1 is inversely orrelated to the speed of the tumor
growth; this is beause the slower the proliferation, the longer the phases during whih
matrix-bound PAI-1 an aumulate; this suggests that the environment of the tumor,
by dierentially inuening tumor growth (for instane if the medium is more dense
on one side of the tumor), may play a major role in the initiation of amoeboid esape.
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This agent-based simulation, aiming at a realisti aount of the dierent fators in-
volved, reovers several aknowledged results e.g. the appearane of a neroti ore while
proliferation ativity is highest lose to the tumor boundary; it also shows a spontaneous
and heterogeneous aumulation of matrix-bound PAI-1 in the outer shell of the tumor.
Interestingly, when the simulation is performed with simpler rules, within a mean-eld ap-
proximation in whih the growing tumor is assumed to keep a irular shape and the seretion
of PAI-1 is homogeneous, no suh strong heterogeneities appear in the PAI-1 ring around
the tumor (low variane in the ring onentration, data not shown): this onrms the result
of the ellular-automata simulation that utuations in the shape of the tumor boundary as
it grows, originating from the random ell divisions, play en essential role in the distribution
of matrix-bound PAI-1 moleules.
These results, obtained with a simulation model that stands lose to biologial reality,
strengthen those obtained with ellular automata model; the latter, being more abstrat and
minimal, better delineates the essential mehanism. Both simulations support the our-
rene of a spontaneous heterogeneous aumulation of matrix-bound PAI-1 at the boundary
of a growing tumor, where it favors the rare event of In both simulations, the fat that the
standard deviation of the onentration of matrix-bound PAI-1 is of the same order of its
mean is a very robust feature, observed in a wide range of the parameter values.
We have onsidered only a 2-dimensional lattie, mimiking a loally plane substrate.
In vivo, amoeboid migration would rather our through a porous 3-dimensional extra-
ellular medium, with various eets of geometrial onentration. One advantage of the
2-dimensional simulation is to be diretly omparable to in vitro experiments. Experimental
setting monitoring 3-dimensional geometry and funtionalized porous substrate are in their
design stage still.
4 Insights from Bifuration Theory
4.1 PAI-1-ontrolled Bifuration Diagram
Our numerial simulations favor the explanation that both the metastati esape and its
rarity originate in the ontrol by the internalization ux of matrix-bound PAI-1 of the swith
between mesenhymatous and amoeboid states. We suggest now an integrated senario
aounting for the moleular, ellular, extraellular, and population features of metastati
esape and seondary tumor growth.
A rst option ould be to implement an extended agent-based simulation of the ontext-
dependent transformations of all tumor ells, their migratory motions, their divisions, their
interations with their surroundings and metaboli hanges as they move. Suh an extensive
simulation ould inlude a wealth of ingredients presumably at work in the real system; its
quality would be to use raw and elementary ingredients diretly. It however does larify
neither the appearane of seondary tumors nor the major mehanisms. The parameters
are too many to perform any sensitivity or strutural stability analysis.
That is why we fous on the fate of one of the privileged ells having enountered a
supra-threshold onentration of matrix-bound PAI-1 and experiened the mesenhymatous-
amoeboid transition. The modiations of its miroenvironment due to neighboring ells
(inluding itself) will be traked and taken into aount in an eetive way, through its
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onsequenes on the onentration cm of matrix-bound PAI-1 at the ell loation or in a
still more eetive way through its onsequene on the PAI-1 internalization ux Ji of the
seleted ell. The experimental investigation of the mesenhymatous-amoeboid transition,
Figure 2, led us to formulate our basi laim that this ell hange is not due to aumulated
mutations but orresponds to a hange in the physiologial state of the ell, that is, to
a bifuration in the intraellular dynamis. The metaboli network formed with all the
speies and pathways onneted somehow to PAI-1 or PAI-1-regulated reations experienes
a qualitative hange of regime, with observable onsequenes on the ell state in the form
of a bi-stable swith.
The generi instane of rst-order bi-stability (that is, assoiated with a disontinuous
transition between two stable states) is the S-shaped diagram (Ruelle, 1989) skethed on
Figure 7. The horizontal axis represents the ontrol parameter, here the onentration cm of
matrix-bound PAI-1 at the ell loation or the internalization ux Ji related to cm through
Eq.(5). The vertial axis represents a quantitative feature disriminating the mesenhyma-
tous and amoeboid states and aeted in the mesenhymatous-amoeboid transition, notably:
• the ell morphology (observed shape, organization of the ytoskeleton, blebbing fea-
tures appearing as Ji inreases);
• the nature of the adherene points with or without integrins; the ontribution of inte-
grins dereases as Ji inreases, replaed by a PAI-dependent mehanism (Czekay and
Loskuto, 2004);
• the fore of adherene exerted by the ell, dereasing as Ji inreases;
• the ell proteolyti ativity (dereasing as Ji inreases)
• the ativation or inhibition of internal pathways related to PAI-1, typially the RhoA
pathway, involving ROCK ativation as Ji inreases (Sanz-Moreno et al. 2008; M-
Carthy, 2009).
The S-shaped urve represents the possible states of a tumor ell in this plane, with bi-
stability in a horizontal range [J mini , J
∗
i ]. The lower branh orresponds to the mesenhy-
matous state and the upper branh to the amoeboid state. We are dealing with dynami
states, whih are stable in the sense that they persist and orrespond to stationary fea-
tures. The intermediary dotted branh is unstable. This bifuration diagram represents
the abrupt mesenhymatous-amoeboid transition for Ji = J
∗
i ; the mesenhymatous state
no longer exists for Ji > J
∗
i . It also predits the ourrene of a reverse transition,
the amoeboid-mesenhymatous one, when Ji has dereased bak to a value J
min
i smaller
than J∗i . This S-shaped bifuration is termed a subritial bifuration to indiate that the
amoeboid-state domain of existene and stability, in the ontrol parameter spae, overlaps
the mesenhymatous-state domain of existene and stability, and overs a region [J mini , J
∗
i ]
below the bifuration threshold J∗i . In biologial terms, suh a bifuration diagram relies
on the property that the threshold for triggering mesenhymatous-amoeboid transition is
higher than the threshold required to simply maintain the amoeboid state one it is es-
tablished. Reduing to a plane diagram (odimension one) is justied by the well-known







Figure 7: Generi bifuration diagram of a bi-stable swith, here the transition between
the mesenhymatous state (lower branh of the S-shaped urve) and the amoeboid state
(upper branh) for a given ell as the internalization ux Ji of matrix-bound PAI-1 varies
(horizontal axis); this ux is proportional to the onentration of matrix-bound PAI-1at
the ell loation and triggers several intraellular pathways altogether responsible for the
transition. The vertial axis represents any quantitative feature disriminating the two
states.
observed qualitative hange is ontrolled by the parameter whih is at the stability thresh-
old, here the onentration of matrix-bound PAI-1, while other parameters and fators are
inessential. Of ourse these arguments do not ompletely rule out the possibility of a non-
generi, higher-dimensional and more omplex bifuration diagram but we have today no
experimental lue indiating suh a situation nor any inonsisteny in our senario requiring
to envision a more omplex diagram.
This bifuration viewpoint integrates, within a dynami framework, the exlusive prolif-
erative and migratory apaities of the metastati ells: the onentration of matrix-bound
PAI-1 (whih diretly ontrols the internalization ux Ji) is ritial in the hoie between
migration and proliferation, with a higher threshold for the transition from proliferation to
migration than for the transition from migration to proliferation. Suh a subritial nature,
supported by rst-order nature of the transition from mesenhymatous to amoeboid states,
suggests a protool for observing the amoeboid-mesenhymatous transition at a dereasing
onentration cm, whih is the quantity monitored in in vitro experiments (Malo et al.,
2006).
The preditions of our study motivated systemati and quantitative experimental explo-
ration of this transition and its ontrol. The desription in terms of a bifuration diagram
leads to predit its reversibility, that would provide a disriminating feature with explana-
tion in terms of aumulated mutations as mutation-driven transitions are irreversible. As
shown on Figure 8, the results of these experiments atually prove the existene of the
reverse transition from amoeboid to mesenhymatous state (Cartier-Mihaud et al., 2009).
They provide an internal hek of onsisteny of our senario in supporting the bifuration
diagram on whih it relies. In partiular, they evidene both the reverse transition threshold
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Figure 8: (left) Time-lapse photography of ells seeded on PAI-1 or ollagen substrate;
blebbing ells beoming elongated show the reversibility of the mesenhymatous-amoeboid
transition. (right) The proportion of blebbing and spindle-shape MDA-MB-231 breast aner
ells seeded on a weakly PAI-1-enrihed miroenvironment (20 µg/m2, below the threshold
of the mesenhymatous-amoeboid transition) is shown at suessive time points (3, 6, 19, 24
hours). The proportion of blebbing ells (horizontal axis) dereases in favour of spindle-shape
morphology indiating that a reverse amoeboid-mesenhymatous transition takes plae.
cminm > 0 and the fat that is is lower than the threshold for the diret transition c
min
m < c∗.
The ell state is fully resilient and it reovers the mesenhymatous state at low matrix-bound
PAI-1 onentration c < cminm .
4.2 Metastati Cyle
A yle is usually assoiated with the subritial bifuration diagram skethed on Figure 7,
and we shall now disuss its biologial interpretation and onditions for its observation.
We suggest a omplete senario of the reurrent hiving-xation-growth yle generating
seondary tumors.
History- and geometry-dependent heterogeneities in the onentration cm of matrix-
bound PAI-1 ould build up at the boundary of a proliferating tumor. A mesenhymatous
ell reahing one of these privileged loations would follow the lower branh up to the ritial
value c∗m at whih it swithes to the upper branh into the amoeboid state. One the ell
has swithed to the amoeboid state, it starts to migrate away from the tumor. Before
entering a proliferative state, a migrating ell into the amoeboid state has rst to stop and
settle, and its metaboli and transriptional states shift to a regime promoting growth and
division. We saw that suh a transition bak to the mesenhymatous state ould be promoted
by the surrounding. The diusion-limited onentration of soluble PAI-1 dereases as the
distane from the tumor ells produing PAI-1 inreases, and so does the onentration of
its matrix-bound form. The esaping ell soon reahes regions where the onentration of













Figure 9: Metastati yle. The ontrol parameter is the loal and instantaneous value cm
of the onentration of matrix-bound PAI-1 at the ell loation. The bold lines represent the
stable states and the dotted one the unstable branh (bifuration diagram as in Figure 7);
the dashed line represents the typial path of the ell-state trajetory when the quasi-
approximation is no longer valid and cm varies before the ell has relaxed toward the stable
branh.
negative self-regulation of the expression of PAI-1 at the transription level, the seretion
of PAI-1 is redued in the amoeboid state (while being maximal in the mesenhymatous
state). The migrating ells annot by themselves modify their miroenvironment into a
trak overed with a high quantity of matrix-bound PAI-1. Subsequently, the amoeboid
state annot be sustained and the ell swithes bak to the mesenhymatous state. It ould
then start proliferating again and generate a metastasis. As the seondary tumor grows, the
same metastati yle ould our for a small fration of its ells. Figure 9 represents how
the metastati yle ould originate in an intrinsi hystereti yle between two states for a
single ell (bold lines). The point is that the ontrol parameter cm is not tuned from outside
the ell but that its variations reet the modiations of the ell miroenvironment during
proliferation and migration.
After a few metastati yles, the newly born metastasis is far enough from the original
tumor and its ells desend from a minute fration of the ells of the primary tumor, in
agreement to in vivo observations. The metastati esape of a single ell is in fat the
onsequene of a olletive eet involving many ells, mainly through their ontributions to
the release of PAI-1 in the extraellular medium and xation to the matrix: the onsequene
is observed at a single ell but originates at the ell population level. The probability that
an esaping metastati ell reahes blood irulation inreases at eah yle, opening the
way to other modes of metastati proesses.
In vitro experiments and the determination of quantitative bounds on the upper and lower
thresholds should allow us to hek the biologial reality of the hystereti yle predited here
using generi arguments of bifuration theory. Diret in vivo validation is today intrinsially
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impossible yet, due to the too low probability of the esape and the too low fration of ells
involved in this yle, yielding too low a signal-to-noise ratio. An additional diulty is the
limited duration in whih the few emerging ells remain in the amoeboid state, although
this transient stage with its assoiated migration appears to be a determinant event in the
metastati proess.
4.3 Quasi-Stationary or Transient Cell States
We desribed the ell trajetory as a suession of well-dened states ontrolled by the
loal onentration cm of matrix-bound PAI-1 or equivalently by the instantaneous value
Ji of the ell internalization ux of PAI-1. This paradoxial desription (a suession of
stationary states), alled quasi-stationary approximation (also adiabati approximation
in physis), is justied by the dierene between the time sale of the modiation of the
miroenvironment (and the ensuing modiation of cm and Ji) and the faster time sale
of the ell response: the ell is almost always observed in a stationary state, following the
stable branhes of the bifuration diagram as cm or Ji slowly vary.
When this quasi-stationary approximation fails to be valid, for instane in the presene of
memory or slow relaxation, the bifuration diagram nevertheless provides bounds and qual-
itative guidelines about the trajetory of the ell state. Consider for instane an amoeboid
ell reahing a region poor in PAI-1, with cm < c
∗
m. If a non negligible duration (ompared to
other relevant harateristi times) is required before the PAI-1 signal omes down, the ell
relaxes to the mesenhymatous state with a delay: it rst remains in a transient regime and
its trajetory, represented by the dashed line on Figure 9, then deviates from the branhes
of stationary states forming the S-shaped urve. This trajetory presumably depends on the
spei ell history, but lies above the upper branh. Whether the ell behavior is an adia-
bati response following a stable branh of the bifuration diagram or an out-of-equilibrium
response depends on the relative values of the harateristi time of variation of the value
cm at the ell loation (whih orresponds to the harateristi time of migration toward the
region poor in matrix-bound PAI-1 and depends on both the gradient of matrix-bound PAI-1
and the migration veloity) and the harateristi time of relaxation of the PAI-1-signaling
ativity triggered by the passage of the ell into a region rih in matrix-bound PAI-1.
It ould be argued that a relaxation lag after the ell displays an amoeboid morphology
and that cm gone bak under c
∗
m is suient, by itself, to reprodue the metastati yle,
without the existene of a stable amoeboid branh extending down to cm = c
min
m . During
this lag, the ell ould move far away from the tumor, before it reovers proliferative abilities
and gives rise to metastasis. Beause a stable amoeboid state was observed experimentally,
the mesenhymatous-amoeboid transition annot orrespond to a mere transient exursion
away from the stable mesenhymatous branh and the mesenhymatous-amoeboid transition
would orrespond in the bifuration diagram to a jump to a degenerate amoeboid branh
redued to a point. Suh a situation is non generi and it an be observed only for highly
peuliar kinetis. The experimental observations of a disontinuous and reversible transition
between two stable stationary states of the ell support the S-shaped of the bifuration
diagram of Figures 7 and 9.
No spei geneti mutation is neessary to our explanation of the metastati yle,
where the passage from the mesenhymatous to the amoeboid state is a a bifuration rather
than an event triggered by a mutation. The reverse transition for the same ell when
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external onditions have hanged enough is an event that would be hard to observe if the
transition were determined genetially. Its existene seems to be onrmed by our rst
experiments. Our senario does not onit with the aumulation of mutations assoiated
with the metastati proess. We suggest that mutations observed in metastati ells are
neither spei to these ells nor suient to explain the move away from the tumor. In
our senario, tumor ells are genetially idential but made funtionally dierent by their
dierent miroenvironments. The mutations arising as aner develops and tumor ages
are shared by a large fration of tumor boundary ells. They are likely to inuene the
bifuration diagram. Only a few andidates seleted among the population of mutant ells by
a dynami and multilevel proess move away. Our model leads to suggest a new experiment
to test our predition that ells in a nasent seondary tumor and ells at the outer boundary
of the primary tumor have the same genome and mutation load. We here see how modeling
allows to arry a qualitative senario into experimental testable predition.
4.4 Onogenesis and Metastati Catastrophe
Looking for the hanges of metastati features during aner progression leads us to situate
normal ells or early aner ells (having just experiened the epithelial-mesenhymatous
transition) in the above biifuration viewpoint. The bifuration diagram of Figure 7 an
be put in a 3-dimensional spae where the third axis Z represents the ell type. It repre-
sents the topologial hanges altering the S-shaped bifuration diagram as the ell type is
modied during onogenesis, mainly by aumulating mutations: a relevant hoie for Z is
the total number of mutations. Thom (1975) established the possible generi hanges in
a bifuration diagram seen as various singularities of the orresponding hypersurfae (here
a 2-dimensional surfae, with S-shaped setion, in a 3-dimensional spae {(X,Y,Z)}). He
termed "atastrophes" these generi singularities. In the present ase, two situations an be
enountered:
1) the bifuration diagram, on Figure 7, is qualitatively the same for normal ells, early
aner ells, and advaned tumor ells. This means that both thresholds J∗i and J
min
i both
exist, keeping nite and distint values when the anerous stage of the ell hanges;
2) no suh bi-stability exists for normal ells, where a single stable state would hange
ontinuously as Ji inreases. Generiity ensures that the bi-stability observed for aner
ells arises through a fold atastrophe (Thom, 1975), as represented on Figure 10.
The failure to observe the mesenhymatous-amoeboid transition for normal ells prevents
one from disriminating the two ases. Perhaps the rst ase holds and the threshold for
the mesenhymatous-amoeboid transition annot be reahed in normal or early aner ells,
either beause the value J∗i is larger than in aner ells, or beause the onentration cm
of matrix-bound PAI-1 annot reah high enough values around normal ells, or beause
their rate of internalization ki (suh that Ji = kicm) is too low. The rate ki depends on
the total number and the ativity of uPA reeptors, whih are known to be far higher in
aner ells, all the more that aner is advaned. During onogenesis, ki inreases and
PAI-1 is released by the ells, expetedly surrounded with higher cm values. This is enough
to explain how aner ells an have higher internalization ux. The seond ase is desribed
by a 3-dimensional extension of the bifuration diagram into a fold atastrophe. The third
dimension is assoiated with long-term evolution and aumulation of mutations, leading to







Figure 10: Unfolding of the bifuration diagram of Figure 7 in a 3-dimensional spae. The
X-axis is the ontrol parameter, namely the internalization ux Ji of matrix-bound PAI-1,
ontrolled itself by the onentration cm of matrix-bound PAI-1at the ell loation. The
Y -axis represents any measurable feature of the ell state disriminating mesenhymatous
from amoeboid states. The Z-axis represents the ell anerous stage, diretly related to its
mutation load. Bi-stability arising as the surfae folds onto itself (fold atastrophe) ours
only for the ells having enough marked anerous features.
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paper by Gerstung and Beerenwinkel in this issue. A main result of atastrophe theory is
the existene of only a few arhetypal ways of xed-point destabilization as the evolution
law varies, here the `fold' type represented on Figure 10. Right after the atastrophe, J∗i
and J mini are lose to eah other; they oinide at the atastrophe point. The dierene
between the two stable states in the bi-stable region is weak: a mesenhymatous-amoeboid
transition an our but the ell would show only a transient blebbing morphology, with no
onsequenes on its fate. In partiular, the ell remains in the amoeboid state too briey to
have a metastati esape. Preliminary qualitative experiments (Cartier-Mihaud et al., 2009)
bring some evidene to suh behavior. Further experiments are neessary to disriminate
the two ases for the bifuration landsape.
One the proper bifuration diagram is established, another matter is to desribe the
joint dynamis of the ell physiologial state (variable Y ), ontrol parameter (variable X),
and ell geneti state (variable Z), in order to obtain a senario at the ell population
level with possible olletively-driven and out-of-equilibrium behavior at the ell level. For
instane, in any bi-stable situation, the time variation of Ji would determine the observed
behavior entirely, depending on whether Ji reahes J
∗
i or not. If it reahes J
∗
i , does it reah
J mini bak or not, leading either to a restrited bak-and-forth motion on a single stable
branh or to a full yle? Time sale and the range of variation of Ji determine whether the
motion follows adiabatially the stable branhes or behaves out of equilibrium. In any ase,
a therapeuti target an be to modify the bifuration diagram so as to weaken its metastati
possibilities and the eieny of the metastati yle.
5 Conlusion
Our senario of metastati proess underlines a novel idea: although the aumulation of
mutations plays an essential role in the metastati proess, the atual determination of the
ell experiening a metastati esape is the onsequene of a omplex sequene of stohasti
and multisale events involving a whole population of potentially metastati ells all dis-
playing the same mutation load. Four models (multi-agent simulation, ellular automata,
bifuration theory, atastrophe theory  partial dierential equations are useless) are jointly
required to apture the interplay between dierent levels, as well as the role of stohasti-
ity and system history, and turn biologial hypotheses into numerially and experimentally
testable preditions. Beause detailed fators and values of kineti rates are not available
experimentally, we hose to remain at a semi-quantitative level, whih is suient to obtain
robust proof-of-priniples.
We rst showed numerially that olletively indued heterogeneities in the onentration
of matrix-bound PAI-1 an develop and indue the transition of a few ells to the migratory-
prone amoeboid state. Our senario is based on an experimentally supported alternation
of mesenhymatous and amoeboid states, orresponding respetively to the proliferation
and migration for a few ells. They are seleted among other ells of the population by a
rare, stohasti, and history-dependent onjuntion of moleular events. This senario is
a ellular version of hiving: amoeboid migration involves a very small number of ells and
is a very transient stage during whih ells exhange their proliferative apaities against
migratory abilities. We suggest that all ells of the outer shell of the tumor ontribute
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to this proess beause their mutualized prodution of PAI-1 is neessary to trigger the
transition to the amoeboid state of a few ells. All ells of the outer shell of the tumor have
the same metastati potentiality on geneti grounds, but only those enoutering a loalized
aumulation of matrix-bound PAI-1 will be in position to express this potentiality. A single
speies, PAI-1 would oordinate events at dierent sales, from moleular determinants up
to the onsequenes for the tissue. The metastati yle would involve both intra-ellular
and extraellular proesses, as well as a olletive modiation of the miroenvironment, in
agreement with reent observations (Albini et al., 2008; Bidard et al., 2008). Modeling thus
requires to onsider jointly the dierent levels, to fous on their interplay, and to expliitly
desribe the irular loop between the individual ells and the population so as to aount for
both the observed rarity and robustness of the metastati proess. Amoeboid migration is
too rare and transient to be easily observed in vivo or in vitro but it is likely to have dramati
onsequenes on metastati spreading. The benet of modeling, in suh a situation where
the biologially determinant event annot be deteted due to its too low relative weight and
frequeny, deserves to be underlined.
The aknowledged reation-diusion modeling with partial dierential equations, ur-
rently used in growth and ell population studies, here appears to be irrelevant, leading
us to develop numerial simulations and a minimal model in the framework of bifuration
theory. The present study underlines the distintion between a senario and its mathemati-
al or numerial implementation: our dierent modeling approahes are based on the same
mehanisms and ouplings, but dier in the framework used for their implementation. In
our senario, ells modify their miroenvironment, whih in turn inuenes the state of some
ells through the ativation of spei signaling pathways. Suh multisale ouplings, both
bottom-up and top-down, are the hallmark of omplex systems. Our modeling approah pro-
poses guidelines to handle suh systems. It has to involve several dierent frameworks (here
partial dierential equations, ellular automata and agent-based simulations, bifuration
theory) so as to validate the determination of essential variables, parameters and meha-
nisms retained in the explanation. Moreover, omplementary models have to be developed
at several levels (here, bifuration theory at the ell level, simulation at the population level).
Eah one implements speially a given set of working hypothesis to be tested in view of the
model outome and preditions. They are mathed, bottom up, using eetive variables and
parameters and, top down, using eetive inputs and boundary onditions (Lesne, 2008b).
Beause the metastati proess originates from a oordinated alternation of proliferation
and migration, it artiulates single ells and the ell population. It is diult to observe
this proess not only in vivo, but also in vitro. Only partial knowledge an be gained, eah
piee oming from a dediated experiment. Modeling is here essential to bridge dierent
experimental investigations. Our senario aounts for available biologial fats and suggest
a protool for investigating the mesenhymatous-amoeboid and amoeboid-mesenhymatous
transitions with normal ells and aner ells taken at dierent stages after the epithelial-
mesenhymatous transition. The purpose is to reonstrut the multivariate bifuration di-
agram and disriminate the two possible transformations of the bifuration diagram along
the progression of the aner.
In our senario, reduing matrix binding of PAI-1 would modify the migratory abilities of
the amoeboid state or some other fator so as to derease ki or inrease the threshold J
∗
i of
the mesenhymatous-amoeboid transition; reduing PAI-1 synthesis is not an option beause
it might have undesired side eets due to other intraellular roles of this moleule. It also
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suggests to redue the matrix binding ability of PAI-1, targeting the miroenvironment
rather than the tumor ells themselves (Whiteside, 2008).
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